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8:6�,$8:9+;�BHR�NpZ�G�,+RHA>9V)+r�swA>?�,o23;M23,c6M;�T1>,
6-BD)Mk+�y,Q8:b-swAC8:9+.
b	A>9�{y;�1�;�S�AC8:*�;�jX<C{�{yA>*�95m	8>Z�,
8>,	d+I6�/Jj[8>b$sLA�8>9+.	A�6�6�,7,	?�GM)+6M;�S�;�9+ui.	,	1C23,5476�,
8>9+;�?>GM)	.	;�I9V) | ;M,	6�6�,
?>,=2})+6�A�.	GM)MmD,$8:,
d	A>6M6�,@.	d	RM;�1�;]6�A�j�9+G�,
6�6�,	j1>.
A>1:BH/�kt�3A>SMu0;-BHA�9q,0Z�GM;�RM;�.
6�,
2�.	RM;�N�6�;�;�?>GM)	.	;�I9V) | ;M,	6�6�,
?>,YZ�,+R�Nz1>.
A>1PBD/�m&*$,
9+,	GM,	AX8:9+G�AC23;�9	8vN�8:,
,	d+Isw;M9+uoGM)	1:RM;�SM6�/K2�SM)	8>9CNM2�1�,	6-B~)�.	1�)	;M236�,
A[b
8>*$,
G�A:I6�;�A
a = 2GMs∆r/R3

ma?vBHA
G � Z�,$8:9+,5N�6�6H)VNn9�N�?�,+I9+A�6�;�Nfm

Ms � 2})
8>8>)�1>.
A>1:BH/�m
R � GH)	8>8>9+,5N�6�;�A�,	9)+ZMZM)+GM)	9V)�BH, | A�6�9+GM)�1>.
A>1:BH/�m ∆r � T-)+GM)	*�9+A�G�6�,	AGM)
8>8:9	,5N�6�;�A�23A>4OBHb�SM)	8>9CNM23;�)	Z�ZM)+GH)+9V)�kO(�)+*�.
;-BMI6�,�;�1�9V)+d	R!kJ\	m}Z�GM;�RM;�.
6�,	A�b
8>*-,	G�A�6�;�AYBH,	.
,+RMu
6�,].
A:IRM;�*-,hb�ZM,	.	A�G$T-6M,
8:9	;06�A>jM9+G�,	6M6�,	j�1>.	A�1PBH/�;�23,54LA>9Z�G�A:BD8:9V)	.+R�N�9+ui,	ZM)
8:6�,$8:9+uOBMRMN[*$,
6M8:9	G�b-* | ;�;z)+Z�ZM)	GM)VI9V)�kJ��A>j�SM)
8�Z�G�,$23/J�QRMA�6�6�,
8>9+uo;�1�?>,
95)	.+RM;M.
)+A�9�6MA>*-,+I9+,
G�/JAi<>RMA>*�9	G�,	6�6M,+I 23A:T$)	6�;�S�AC8:*�;MA@Z�G�;�d
,	G�/�m¡.	/�BDA>G�I47;�.
)	rtsL;�Aob
8>*-,	G�A�6�;�A�BH,

106
2a`V8

2
k�xy,	<�9+,
23b�.	/UId	GH)+6�6�/Jjp6H)	23;0.h<>9+,
j09V)+d+RH; | A[;�6M9+A>G�.$)VRpBHR�Nq23;�I6�;M2})+RMu	6M,	?>,�GM)	8�8:9+,5N�6M;�NO23A>4X1�.	A�1PBH6�,
?>,�1>,
6-BD)�,	9�Z�,+I.	A�G$T-6M,
8:9	;[6�A>jM9+G�,	6M6�,	j�1>.	A�1PBH/�*�)+4LA>9
8vN[.	Z�,	RM6�AOGM)VI1>b�236�/K2Uk�yb$4X6M,�1C)	23A�9+;�9+uHm+S�9+,�.y,	9CRM;MS�;�AU,	9y6�,
GM2})VRMu
6�/UT1>.
A>1:B�m+bX*-,	9+,
G�/UTO2})
8>8>)QZ�G�;�d	RM;�1>;M9+A:RMu
6�,QZ�GM,	Z�,
G | ;�I,	6H)VRMu
6M)�;�TpGM)5BD;�b
8>b	ma;pZM,	<>9	,
23bp23A:4OBHbn6�;M23;�6�A>9d	,	RMu	�L,	?�,zGH)+1:RH;�S�;�N0.h.	A:RH;�S�;�6�A

Vmax

m�bn6�A�j�9+G�,
6�I6�/UT]1�.	A�1PBz;zd	A>RM/UT[*�)+G�RH;�*-,	.=GM)5BH;Mb
8Lb-23A�6�u	�O)+A�9	8vN8Kb-.
A:RM;�SMA>6�;�AC2o2})	8�8:/�m$S�9+,X8:b-swAC8:9+.
A>6�6M,L8:*�)	1>/J.
)	A>9VI

8vNL6H)�.
A:RM;MS�;�6�A
Vmax

k	¢�9V)	d+R!k£\�BHR�NO<�9+,	?�,�9	;�ZM)y1>.
A>1:BZ�G�;M.	APBDA>6�/�8:GMAPBH6�;MAa1>6H)5S�A>6�;�Nfm>*-,	9+,
G�/JA}BHR�N�;�6-BH;�.
;�IBHb$)VRMu
6�/UT@1>.
A>1PB[23,	?�b-9OGH)+1:RH;�SM)+9	u
8vNi.7gL_@¤XGM)+1C)�k¥fA�Z�A>G�u�, | A>6M;M2�.
G�A�2¡Nfm}6MA>,	d5T$,CBH;M23,
A@1>,
6-BHb�BMRMNBH,$8:9+;�4OA>6�;�Nh8:*-,	GM,
8:9	;
Vmax

m3A�8PRH;c,	6h8:9V)+G�9	,	.
)+Rc;�1��,+RH6�A>S�6M,	j�8:;M8>9+A�23/¦8>,08:*-,	G�,$8:9+u
r
V0

k���S�A�.	;-BD6�,Mm9V)+*�;H2�4LA�d
b>BDA>9z;h.
G�A�2¡Nc9	,	GM23,54OA>6�;�Nfm}AC8PRM;�6�A�,	d+IT
,CBD;M23,�BH,
8>95)	.	;�9	uz1�,	6-B0.�*-,	6�*MG�A>9+6Mb$r§Z�RH)+6MA>9+6�b-r8:;H8:9+AC23bY;W,$8:9V)+.
;�9+uXA>?�,795)
2UkHxyb$8:9+uHm-BMR�NWZ�G�,$8:9+,
9+/�m.
8>Aw1�.	A>1:BH/¨GM)	.	6�,$23A>G�6M,iGM)
8:Z�G�A:BHA:RHA>6�/¨.=Z�G�,$8:9+GH)+6�I8:9	.	AU6M)y8:G�A:BH6�AC2]GM)
8>8>9+,5N�6�;�;
S
BHG�b-?U,	9�BHG�b-?:)�;O;H23A:Irt9h,CBH;�6M)	*-,	.	/JA[8>*-,	G�,$8:9+;pT-)+,
9+;�S�AC8:*-,	?�,�BH.	;�4LA>6M;�N

σ
ka©�8PRM;pZ�GM;p*-)+4OBH,
2�8:d	RM;�4LA�6�;�;08>,�1>.	A�1PBH,
jn1>,	6�BZ�,	RMb-SM)+A�9�Z�G�;�GM)	swA�6�;�A]8>*$,
G�,
8>9+;

∆V = σ
m�9+,oAC23b6�A�,	d5T
,CBD;M23,W8:,	.
A>G��L;�9+u

N = (Vmax − V0)/σ
?�GM)+.
;�I9V) | ;M,	6�6�/UTW2})+6MA>.	GM,	.MmH6M)7*-,	9	,	G�/JAQd
b�BHA>9@1C)+9+GH)5S�A>6�,.	GMA�2¡N

t =

N−1
∑

k=0

S

V0 + kσ
.

ªQR�N�, | A>6M*�;�1�6M)5S�A�6�;�N t
<>9+b]8>b�2}23b[Z�G�;

V0 � σ23,5476�,�1�)
23A>6�;M9+u¨.	/JGH)V4LA�6�;�AC2
t ≈ S/V0

mO)�Z�G�;
V0 > σ

1C)	23A�6�;�9+u�;�6�9+A�?>GM)+RM,
2¦;�Z�,+RMb-S�;M9+u
t ≈

(S/σ) ln(Vmax/V0)
kH(�)+*�.	;-BD;M2Um�1�)	.	;M8>;M23,
8>9+uX.	G�AC23A:I6�;QGH)+1>?�,	6M)K,	9K.
A:RM;�SM;�6�/�6M)5SM)+RMu	6M,	jy;Q*-,	6�A�S�6�,
jQ8:*-,+IG�,$8:9+;�1>,
6-BD)n8PRD)+d
)+Nf«�BMR�N

V0 = 100
*M2a`V8�;

Vmax.�BH;M)	ZM)+1�,	6�A=,	9�g	^
^]*H2a`V8iBH,
105

*H2a`V8=;M23A>AC2
1 <

ln(Vmax/V0) < 7
k&¥!)	d+RM; | ) � BHA�23,
6M8:9	G�;�G�b
A>9YT$)+GH)+*�I9+A�G�6�/JAU1>6M)5SMA>6�;�NL,	d
8>b$4LB~)+.	�L;�T$8vNy.	A>RM;�S�;M6fk+(�)+*L.	;�IBH;M2Um�Z�G�;08¬BHA>RH)+6M6�/UThZ�GMAPBHZ�,	RM,54LA�6�;�N�T�.	G�AC2¡N�GM)	1:I?>,
6M)�1�,	6-BD)c.o,	*MG�A�8>9+6�,
8>9+;���,	RM6 | )o.	A�8>u
2})�.
A:RM;M*$,�

∼ 105
RMA�9
�Pm56�,�,	6M,�8:b-sLA�8:9	.	A>6M6�,�8>,	*�GM)	sL)	A>9	8vN�.t�O)VIG�,
.	/UT[8:*-,	Z�RMA>6�;�N�Th�

∼ 104
RHA>9
��;�8:9V)+6M,	.	;M9	8vN]S�G�A�1:I.	/JSH)+j�6�,Y*-,	G�,
9+*�;M2p.YN-BHG�AX­�)VRD)+*�9+;M*�;h�

∼ 102
RMA>9
�:kl BHAC8:uQ23/p;M23A�A�2z.Q.
;-BHb | A>6�9	GM)VRMu
6�b-r0,	d	RH)	8>9+uyN-BHGM)GM)VBH;�b
8>,
2

∼ 1
Z�*fk¢oZ�GM;�6 | ;�ZMA	m+.
,	1�23,5476�/c;Ld
,+RMA�A�;M1>,	sLG�A>6M6�/JAU.
)VIG�;M)	6�9+/�?>GM)	.	;�9V) | ;�,	6M6�,	?�,Yb$8:*-,	G�A�6�;�N�23A:471>.
A>1:BH6�/UT1>,
6-BH,
.MkM��)	Z�G�;M23A�GfmD)
8:9+GM,	6�,$2})	2�;�1>.
A�8>9+6�/�BH.
,	j�6�/JA1>.
A>1:BH6�/JAQ8:;H8:9+AC23/�mH8:,$8:9+,5N�sL;�A�;�1Q6MA>j�9+GM,	6�6�,
j�1>.	A�1:IBH/�;[d
A:RM,
?>,7*�)+G�RM;�*�)�k&®�9+;]*-,
23ZH)+*�9+6M/JAQ1>.
A>1PBD/�,	d+IGM)	sL)+r�9	8vNwZ�,�,	GMd	;�9+AU8:,y8:*-,
G�,
8>9+u	rhd	,+RHA>A�\�^	^
^J*M2a`+8+k��d+RH;�4LA�6�;�AY8Y,CBH6�;H2�;�1Y*-,$23Z�,	6�A�6�9+,
.[9V)+*-,	jc8>;M8:9	A:I23/�8:GM)	1>b�23,54LA�9OBH,	d$)+.	;M9+uX*]8:*-,	GM,
8:9	;=1�,	6-B~)7,	*-,+RH,� ^
^	^y*M2a`+8+¯���8:,
d	A>6M6�,�SM)	8>9+,Q9V)+*M;�A�8>;M8:9+AC23/�BH,+RM4X6M/.
8>9+G�A�SM)+9+u$8vN@.wN-BDGM)VT@�O)+G�,
.	/UT@8:*-,	Z�RMA>6�;Mjfk�¢�,
,	d
swA	m6�b$476�,O1�)	23A�9+;�9+uHm-S�9+, | A>6M9+GM)VRHu	6�/JA�SM)	8>9+;i�O)+G�,
.	/UT1>.
A>1:BH6�/UT�8>*-,	Z�RMA�6�;�j � S�G�A>1�.	/JSM)	j�6�,JZ�GM;�.+RMA�*�)+9+A>RMu+I6�/JAa23AC8:9V)UBHR�N | ;�.
;�RM;�1C) | ;�j!m:BHA>RH)+r�sw;�TyZ�A�G�.	/JA��O)VI?>;=6M)XZ�b-9+;�*-,+RH,	6�;�1C) | ;M;i*-,
8�23,
8>)Mk¥!)	*�;M2 ,	d	GH)+1>,$2Um�?�GM)+.
;�9V) | ;M,	6�6�/Jj°2})+6�A�.	G±.,	*MG�A�8>9+6�,
8>9+;²1>.	A�1PB³Z�G�A:BD8:9V)+.	R�N�A>9
8vN´Z�G�;�AC2¡RMA�23/K223A>9	,CBH,
2 2})
8>8:,
.	,
jµGH)	8>8>/URM*�;¶;M6M{y,	GM2}) | ;�,
6�6�/UT1>,
6-BH,
.i·�G�A>jM8>b-<:R�RH)@*],	d
efA>*M95)
2n­�)VRH)	*�9+;�*�;!k&��9+,
S�I*�;�1�G�A>6�;�No,	9+Z�GH)+.	;M9+A:RMA�j�,	6�,$8:,	d
A>6�6M,=<C{�{yA>*�9	;�.	A�6
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È!É	Ê+ËMÌMÍMÉ]Î
Ï3Ð[ÑVÒ
Ó>Ô$ÕQÑ�ÖD×	ØHÑ�ÙoÓ:Ò
Ú¬ÛDÚVÓ:ÜO×=Ý+ÚCØDÞ5Ñ�ß
Vmax à Ô�áVÛ~Ô$ÖDÔDâVØMÚVãOä
Ó>Ò	Ú¬Û~ã>ØMÔHã�ß a à5å Ò
Ú5ÜLÚ¬ÛDÚVãiÚCØcÔHÓ:áHæ}ÜLæ�â	Ñ+ã:ÜØHÑ�ÕQÑ	Ó:çOÜOÑVèVã

∆r = 1
Õ�áVÛDÔpá+ÛDÚ�Ö~ã:ÜXã=â+èvÖDÔ-Ý+ÔcÝ+â	ãvÝ	Þ�æ¨ÕwÑ+Ó>Ó>æ

Ms

Ô�Û�Ñ	Þ�ÔHä
ÓvÑ
Rs å Ô$Õwã:éJêXã:ënÒPÛ~ÔMÜOÔMì�ã�Ó:Ò	ä
éß âVÜOÚ�Û~ä	é�Ò
Ú5ÓíÕQÔMì�ã�Ó:Ò	ä
é à Ó>Ò	Ú¬ÛDÚVÓ>ÜL×=äiáHÚ5â	ã�Û�îHØHÚVÓ:ÜOÔ VIIï�É+ðMÉ
ñ3ò>ó+ð ôyõ	ðMñ}É+ËMö	÷HÉVø ù�ò:ËMúJû ôyò>ûMó+ð�õ	÷M÷MÉVø=ü>ý	ò�üPþDÉü>ý
ò>üPþ~É ÿ�É+ð�ËMÌMÿ

Rmin = Rs Rmin = 50Rs

Ms/M�

Î ��� Ç Å Å
Rs 1R� 0, 01R�

Å��OÿMñ Å��wÿMñ
VII

��ÿHñ���� 	MÎ5Ç Æ�Î
	
Æ
16× 104 23 × 103

Vmax

��ÿMñ���� ����
 Å	Æ����
8 × 104 12 × 103

a
�Mñ����

2 10−6
��� Æ

7 × 107
Æ����

È!É	Ê+ËMÌMÍMÉiÅ�Ï��QÑvÛ�ÑVÒ	ÜXã�Û~ØMÚVãOâvÛ~ãíÕ�Ù7Û�Ñ�Ý���Ú5ØHÑOÝ+Ú5ØHÞ5Ñ�ß
t à á+ÛDÔzÓ:ÜXÑvÛDÜXãwÔ�Ý�Û�Ñ�Ý�ÖDÔMì�ØHæ�î�ÕQã>Ó>Ü��&Ñ>Ö~ÑVÒ	ÜOÔMÒ
Ô]ÔzáVÛ~Ô]ÔHÓ��áMÚ�ÖD×5Ý+ÚVâ+ÑVØMÔHÔ[ã>ã�Û�Ñ�Ý�ÖDÔMì�ØMæ�îiÝ+â+ã�Ý+ÞCØHæ�î[ØDÑ+Ó>ãíÖ~ã>ØMÔHë����KÛDÔHØ$ÙDÜXÑwØDÑVì�Ñ>ÖD×
ØHÑ>Ù]Ó:Ò	Ú¬Û~Ú5Ó>ÜL×

V0 = 100
Ò5Õ��DÓ
����Ó:Ò
Ú5èCÒ$Ñ�îä	Ò$Ñ�Ý	ÑVØMæpÜXã:Ú¬Û~ã>ÜLÔHì�ã>Ó>Ò	ÔHãyÚ��Dã:ØMÒ
Ô[ÔHÓ�îHÚVÞ�ØHæ�îzâ+ãíÖDÔMì�ÔHØ å èVãvÝiÓ:Ò	Ú5è5Ú5Ò�� ØDÑVèvÖDéKÞ5ÑVÜXãíÖD×	ØHæ�ã �õ	ÿ�ÉVËMÌMü�É+ÍMÌ�ø ô�É��:ò>ËMò>÷�ÌMò !"�

σ
�

t
�

Vmax

�
# ÿ −3

ÿMñ���� ËHò>ó ÿMñ����
$ ÿ�ðMò%�:ó	÷�õ��>ó+Ì &&ý	ò>ü:þHúpþDÌ'�:ÿ�É ���£Î (-Æ

105
(����

) õ	ËM÷�ÍMÉ &&ý	ò>ü:þHú+*:É+ËMõ �'� ���
Æ Å	Æ��
2 × 105

(����ù�ò>ËMúJò�ÿ�É+ð�ËMÌMÿ�Ì �'� ��	 Æ��
2 × 105

Æ������ôyò�û�ó+ð�õ
÷�÷�úJò�ü�ý	ò>ü:þHú ,íÎ%�
−3 - ,íÎ
��� - 4 × 105 105.�É	ð�õ	ý
úJò ôyõ
ðMñ}ÉVËHö	÷�úJò�ü>ý
ò>üPþDú

4 × 104
Å��

4 × 103
(����

�:ÿ-õ # ËMò>÷�Ì�ø ù�ò>ËMúJò�ÿ�É+ð�ËMÌMÿ�Ì
(5 × 104)

Å��
3 × 103

Æ������ôyò�û�ó+ð�õ
÷�÷�úJò�ü�ý	ò>ü:þHú
(103)

Å��
104 105/tþHð�õ ù�ò>ËMúJò�ÿ�É+ð�ËMÌMÿ�Ì

(106)
Å	Æ�� ����� Æ������

0�ÉVËHÉ	ÿ�ó+Ì�ÿ�Ì ôyò�û�ó+ð�õ
÷�÷�úJò�ü�ý	ò>ü:þHú
(104)

Å	Æ��
103 105

þMË�ønõ	Ê
Ì�óVÉ+ó+ò>ËMò>û # ËHõ	ó+÷�ú�1�ü>ý
ò>üPþD÷�ú�12�:Ì"�:ó+òCñ4365OÉ�7ð�õ
ý	ú�18�>ÿ-õ # ËMò�÷�Ì�ûWÌWø-þDò>ð9*:ÉVËDÉ+ÿ�ó+ÌMÿ;:�<4�Qó+õ�=�ÿ�Ì[ü�ð�ò>7÷�Ì�ø # ð�õ�=MÌ?17õ	Ê	ÌMó5É	ó+ò:ËHò>û@0�É+ËHÉ+ÿMó+Ì�ÿ�ÌBA
CDCyò>ÿ�ó	Ì�ý	÷�õE�:ó+öA>ó	õ�*>õ[ñ3ò�ó+õCþDÉ9F-ÿ�É+ü�úJý
É	ò>ó=÷MÉW÷�ò�õ	Ê�1
õCþDÌMñ3õ��>ó+ö # õ	Ì'�>ÿ-ÉóVÉ+ÿ�Ì�1iü>õ
÷-þHõ	ýOýB�:ý
õ	Ì?1 # ËHÉ+÷�ò�ó+÷�ú�1G�:Ì'�>ó+ò�ñ}É�1H:ô�É	ñ�õE�:óVÉVËMõE�:öWõ
Ê��>F�þHÌMó+ö]ý$É�I7÷�úJûoý
õ # ð�õE�J3 ÿ�É	ÿ
F # ðMÉ	ý+Ë�ø�ó+öOü>õ
÷-þHõ$ñcý # õ	ËMò>ó+ò�:

K�LNMPORQTSVUXWZY�[]\�^HY�[]_�[a`TQZbdcfeZWgSh\iQZjlkgORb
m []k�`D[]n

oD� # õ+ËMö
ü>õ	ý$É+÷�ÌMòp*�ðMÉ+ý
Ì�óVÉ+Í�ÌMõ	÷�÷�õ�*>õKñ}É	÷�ò>ý
ðMÉJýKõ
ÿ�ð�ò%�>ó�7÷�õE�:ó+ÌLü>ý	ò�üPþq�5õ�=�ò>ý
Ì-þH÷�õ"��ó+ðMò>Ê�F
ò>ó�ó+õ�=M÷�ú�1wñ3ò>ó+õCþDõ	ý�÷MÉ�7ý	Ì'*:É+Í�Ì�ÌqÌ�ÿ-õ	ðMð�ò>ÿ�ÍMÌ�Ìqó+ðHÉ+ò>ÿMó+õ	ð�ÌMÌ # õ	ËMò>óVÉ': $ �>óVÉ+ý�7Ë�ø�ø�ýr�>ó+õ	ð�õ
÷�ò=ý	õ # ð�õ��>ú ÷MÉ+ý
Ì�*:É+ÍMÌ�Ì+, # ð�Ì�÷�Í�Ì # ÌMÉVËHö�7÷�ú�1 # ð�õ
Ê+ËMòCñ�ýsA�ó+õ	ûpõ
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